A THEOREM OF THE DAY

The Large Prime Gaps Theorem (a Theorem under Construction!) Let p, denote the n-th prime

number. Then for sufficiently large X, 00X loaloaX loalod log loax . @
og X loglogX loglogloglo (3
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It is easy to find arbitrarily long sequences of consecutomaosite numbersal + 2,n! + 3,..., nl + n, for example. But our theorem concerns maxx(Pn+1 — Pn),

which we denote byG(X), requiring our sequence to be located below a gi¥en An elegant ‘sieving’ device makes a start: defivigx) to be the largest
integery for which one may select residue classgsnod p, one for each primg < x, whose union contains the whole géf...,y}. Denote byP(x) the prod-
uct of all primes not exceeding ThenLemma: G(P(X) + Y(X) + X) > Y(X). Use of the Prime Number Theorem and a rough upper bound tomns this around

to giveG(X) > Y((1 + o(1)) logX), asX — oo, (with o(1) being a contribution that becomes vanishingly small). 20 / / /
The table above illustrates the definition¥{i) for x = 17 and reveals why the Lemma is true. The residue classesrthos Conjecture 2015 5914
a = 1 = a3, a5 = 3, etc, include every positive integer below 26. In fat{l7) = 25 precisely, so this is the best we can (Bramee: 136

do. The Lemma works as follows: use the Chinese Remaindesréheto find a solutiom, 17 < m< 17+ P(17), to the ** t’/ o
congruencesn = -1 mod 2m= -1 mod 3m=-3mod 5...,m= -12 mod 17. Considem + k, for 1 < k < Y(17). / :

Successive bounds on G(X) at X = e
with a factor of log X taken out.

By definition,k = a, mod p for somep < 17, and some residua,. But thenm+ k = —a, + a, = 0 mod p. Sop divides

m+ k; andp # m+ kbecausg < x<m<m+k. Soallofm+1,m+2,...,m+ Y(17) are composite. 1

Denote by log the n-th iterated (natural) log. The above bou@(X) > log X log, X log, X/ log; X, is compared on the s 1933
right with previous bounds (thes*’ means, roughly, ‘up to a constant multiple’; we have usedstant= 1). They are 5 -~ s
dwarfed by Harald Cramér’s conjectured lim 8§X)/(log X)? = 1 which is plotted here as a lptp keep it in the picture! ==

This 2015 advance is due to Kevin Ford, Ben Green, Sergei &giny James Maynard and Terence o

Tao. Web link: arxiv.orgabg1412.5029the above sieving lemma appears as Lemma 1.1.) 0 a 0.6 0.8 1.0 1.2 14 T

- . - Further reading: The Little Book of Bigger Primes by Paulo Ribenboim, 2nd edition, Springer-Verlag, 2004aitar 4.
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