denote the product of all primes not exceeding x. Then

") - r(VK) +1= Y u(d)|3]-

whereu(n) is the Mobius function defined for positive integers n by
if n is a product of r distinct primes (with£ 0if n = 1)

_ [ (1)
pu(n) = { 0 ifn has a square facto

How might we count the primes up to 2E11 + 2x 3x 5x 7? Afirst
approximation is to count all the integers from 1 to 211 wlaoh ex-
cluded from the shaded regions of the 4-set Venn diagrameornght:
bottom= multiples of 2; right= multiples of 3; circleemultiples of 5;
central= multiples of 7. Inclusion-exclusion ‘sieves out’ produofs

just the first four primes (# denotes ‘number of’): 211
- #multiples of 23,57 | | 4| + ... + | %] | 247
+| #multiplesof 2x3,2x5,...,5x 7 [%J++[23—151J 101
— | #multiples of 2x3x5,...,3x5x 7 | | Z|+ ...+ |&L|| 17
+ #multiples of 2< 3x5x 7 [%J 1

Total (as shown in top-left of Venn diagram): 49

We have an estimatg211)— 4 + 1 ~ 49, compensating for our four

primes which have been sieved out, and counting the noredieon-
prime 1. Legendre’s version of Eratothenes’ sieve is exaténding
inclusion-exclusion maximally te(v211) = {2,3,5,7,11 13}| =

givingn(211)-6+1 = 42. The Mobius function cleverly converts th¢

alternating double sum of inclusion-exclusion into a senglim (Our
summation is over all positive integedswhich divide P(y/x); but
only d < x count sincg x/d], the greatest integer not exceedigl,
becomes zero whesh> x.)

Eratosthenes, around 100BC, is credited with invent
the method of listing primes by sieving. Its adaptation
Legendre in 1808 to count primes is conceptually behi
all modern sieve-based methods in number theory.
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The Eratosthenes—Legendre Sieveet n(X) denote the number of primes not exceeding x, a@pd P
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Web link: assets.press.princeton.gchapters8585.pd{Chapter 1 of Glyn HarmanBrime-Detecting SievedMB).
Further reading: Sieve Methodby Heini Halberstam and Hans-Egon Richert, Dover, 2011. created by Robin Whitty fomww.theoremoftheday.or Sl
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