| THEOREM OF THE DAY Q|

Irrationality of Circumference of Unit Circle The circumference, r, of the unit circle is not rational,
I.e. it cannot be expressed as a ratio of two integers.

The unit circle is that described by a radius of 1, depicte leclined at an
angle of 1 radian{ 57.3°) to the horizontal axis. Since 1 radian subtends an
arc length of 1 radius, it follows that= 6.283... is the number of radians in
a circle of any radius. The conversions between degreesaaimhs follow:
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The substitution of an irrational subdivision of the cirtde a rational (indeed
integer) subdivision is intimately connected with the depenent of the cal-
culus: the slope of the sine curveats necessarily given by cag(only if x
is measured in radians, etc. The first demonstration of tadanality of the
circle constant relied on this substitution: Johann Hemiiambert showed
that if x, measured in radians, is rational then tan{) cannot be rational. A text-
book application of the contrapositive follows (notatioa: Q' means ‘in the
rationals’; ‘¢’'means ‘not in’; ‘=’ denotes logical implication):

XeQ = tanX) ¢ Q

logically equivalentto: not tanx) ¢ Q = not xe Q
logically equivalentto: tan) e Q = x¢Q
therefore: talég) =1eQ = % ¢ Q.

How did Lambert prove the first step in this argument? By gjvam infinite
continued fraction for tan:
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The introduction of radian measure is credited to Roger £ote 3- 2
(1682-1716) who may also deserve credit for explicit radian 5- >
based dierentiation of trigonometric functions. Lambert first an- 7__%
nounced his result in 1766. Charles Hermite published afproo 9- -
using basic calculus in 1873 and this is the basis for a yaokt Assumingx is rational, such an infinite continued fraction may only\eenge
short ‘modern-day’ proofs. to an irrational value.

Web link: Cotes ondsinx/dx: fredrickey.infghnyCalcNotegSine-Deriv.pdfand one€* = cosx + i sinx: thonyc.wordpress.cof®01307/10).
A lovely 1-pageirrationality proofwas published by Ivan Niven in 1947 hergww.ams.orgournalgbull/1947-53-04
L = Further reading: Irrational Numbers by Ivan Niven, MAA, reprint edition, 2005. Created by Robin Whitty forw.theoremoftheday.ordlil
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