TheHappy Ending Problem Among any five points in general position in the plane theegfaur which
form the vertices of a convex quadrilateral.

In n-dimensional space, a set of points is in ‘general posiifor subset ok points, 2< k < n+1, is confined to ak—2)-dimensional subspace.
In the plane, this means that no two points should coincide(a-dimensional subspace), and no three should lie o gliaimensional). In
the collection of 10 points, above left, the dotted line shdlwat only 9 may be selected in general position. Any twotsan this line together
with the two points indicated by arrows will form an indenteah-convexquadrilateral: some straight lines joining points withimill pass
outside its boundary. So five points in general position aaessary for the theorem to be true.

Five points are here shown as being enclosed by a triangolsrdary: it represents the so-callsahvex hulbf the five points within it (imagine
an elastic band being stretched around nails on a peg-bdafifthn the convex hull of five points is a quadrilateral or a ggan it is trivial to
exhibit the convex quadrilateral required by the Happy BEgd®roblem. When it is a triangle, as above, the line joinirggtio internal points
(our dotted line serves again) bisects the triangle; twoenpoints are located on one side of the line or the other; tinegive our quadrilateral.

How many points are required to find a pentagon? The same nintsg@are easily shown, above right, to supply one. It is diatd find eight
points which danot contain a pentagon (an answer is shown heseamons.wikimedia.oywiki/User:DavidEppsteiiGallery).

This is a theorem of Esther Klein (1910-2005). She presented it, in 1933, by way of a probleam é&rténsion tm-gons,
for n > 4. George Szekeres and Paul &donjectured that a collection of2 + 1 points in general position in the plane
Is necessary and ficient. This is still open fon > 5 (n = 4 is Klein’s theoremn = 5 was proved by Endre Makai). The
“Happy Ending Problem” was given its name by Bsdo celebrate the happy marriage, in 1937, of Klein and Szekeres.
Web link: www.ams.orgoull/2000-37-04. Click on the excellent article by Morris and Soltan (pdf fag@prox. 300K).

Further reading: My Brain is Open: The Mathematical Journeys of Paul ErbgBruce Schechter, Prentice Hall, 2000.



