- THEOREM OF THE DAY NUMBER 164

wememeses 1 1€ DIACONIS—HOIMes—Montgomery Coin Tossing Theorerbuppose a coin toss is represented by:
w, the initial angular velocity; t, the flight time; and, the initial angle between the angular momentum
vector and the normal to the coin surface, with this surfaseallly ‘heads up’. Consider the paifw, t)
as a smooth, compactly supported random variable, and &téntre of its distribution tend to infinity

in the positive orthant (corresponding to large spin and Idinght time). Then withy fixed, the limiting
probability p(y) of the coin Iandlng heads is given by

o) = T+isint(coty) ifZ<y<Z

1 ifO<y <% or 7 <y <m
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The key advance encapsulated in this theorem is the inclugiprecession: the normal to the coin surface
rotates about the base of the angular momentum vétas shown on the left. The anglebetween the two vec-
tors is shown to remain constant. Theeet on the orientation of the coin can be viewed in terms ofreesy above
- right, whose equator is the flat ‘heads up’ plane. Only ifs suficiently large will the coin ever flip over into the tails
orientation. Note, in particular, that if = 7/2 then the coin spends an equal time heads up and tails wpxkif/4 it will nev-
er be tails up and a heads outcome is a certainty. This is in daoce with the functiop(y) whose graph is plotted above centre

Persi Diaconis, Susan Holmes and Richard Montgomery published this anal28@intogether with supp-
orting data from detailed experiments. Although the heads bias seems congldereinstrated they remark
that, taking random external factors into consideration: “for tossed coins, abgichl assumptions of indepen
dence with probability 2 are pretty solid.”

Web link: www-stat.stanford.edususaypapergheadswithJ.pd(5MB) (the above images are adapted from this wonderful paperimages of the
US dollar coin are used courtesy of the United States Mint).

Further reading: The Feynman Lectures on Physics: Definitive and ExtendatBEbdy Richard P. Feynman, Robert B. Leighton and Matthew Sands,
Addison Wesley, 2005, vol. 1, chapter 18.



http://www-stat.stanford.edu/~susan/papers/headswithJ.pdf
http://www.amazon.co.uk/gp/product/0805390456?ie=UTF8&tag=robwhismatand-21&linkCode=as2&camp=1634&creative=6738&creativeASIN=0805390456

