Fisher's Inequality If a balanced incomplete block design is specified with patans (v, b,r, Kk, 1)
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then v< b.
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In a balanced incomplete block design,RIBD, a set ofv treatments are selected, with repetition, to formblocks, each being a set of cardinaliky wherek < v
(whence ‘incomplete’), in such a way that

1. every treatment occurs in exactlplocks (‘first order balance’; implies the equalli¢ = rv); and

2. every unordered pair of treatments occurs in exatblocks (‘'second order balance’; impligés — 1) = r(k— 1) andr > 2).
A BIBD may be represented by an incidence mavixas illustrated above left in th@penQGfice Calcscreenshot; if this is multiplied by its transpos€ (centre)
then the balance conditions are represented in the regultirv matrix, MMT (right), which hag in each diagonal positions anceverywhere else (encircled we see
how ther = 6 blocks containing treatment T1 match, exadthky 2 times, those containing treatment T5).

Add to row 1 ofMMT each other row. Subtract column 1 in the resulting matririfeach other column. The resultig I +(v-1)1 0 o ... 0 O
the matrix shown on the right whose determinant is the proafiits diagonal elements, which is4 (v—1)1)(r —2)" 1. A r-a4 0 ... 0 0
Sincer > A this is non-zero; in other words radMT) = v. But rankMMT) < rank(M) < min(v, b). So we must 1 0 r-4 0 ... O
have ming,b) = v, i.e. v < b, and this proves Fisher’s Inequality. The inequality abows, for example, to boun : : :
block sizek, givenv andA: condition 1 above givek < r whence condition 2 giveg(v — 1) > k(k — 1), and now 1 0 0 0 ... r=-2A

solving forv givesk < 2(1+ VI +4a(v-1)).
Ronald Fisher’'s fundamental property of BIBDs dates fromQ.9T'he above proof is due to Raj Chandra Bose (1949).
Web link: math.mit.ed¢~Imlovaszoddtowngood.pdf
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